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Abstract
The shadow (image) of a black hole, Sgr A* in the center of Milky-Way, can be important
observational evidence for an existence of a black hole that is likely to be captured by the Event
Horizon Telescope. This would provide with direct observations the black hole existence as well
as to understand gravity in the most extreme region near the event horizon, and also helps to
conclude if the general relativity agrees to the observation. Is it possible to estimate the black hole
parameters by observation of shadow? To answer this, we present general observables, namely, area
(A) and circumference (C) expressed in terms of ordinary integrals characterizing the apparent
shadow shape. More precisely, we estimate parameters associated with different black holes, viz.,
Kerr, Kerr-Newman and rotating regular black holes, and then compare with existing results from
other methods. We find that our method is accurate and in accordance with the existing results.
Our formalism does not approximate the apparent shadow by a reference circle and is applicable
to any kind of shape.
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I. INTRODUCTION
Black holes have always been mysterious objects since their discovery, however, despite
several supporting evidence for black holes, we do not have observational evidence for its ex-
istence. The astronomical observations suggest that each galaxy host millions of stellar mass
black holes, and also a supermassive black hole at the nucleus of galaxy [1]. Nevertheless,
the majority of these black holes have very low accretion luminosity and are thus very faint.
Thus, due to relatively very large size and proximity the black hole candidate at the center
of Milky-Way galaxy Sagittarius A* (Sgr A*) is a prime candidate for black hole imaging.
It is generally believed that probing the immediate environment of a black hole will not
only provide an image of these objects and the dynamics of nearby matters but would also
assist to learn about the strong gravity effects near the horizon. The most ambitious Event
horizon telescope (EHT) [2] is capable of such observations, and primarily concerning the
shadow of Sgr A* and M87 in the nearby galaxy. The EHT, a global array of millimeter and
sub-millimeter radio observatories, using the VLBI instrumentation technique has reached
the angular resolution sufficient to provide the horizon-resolving shadow images of Sgr A*
and M87. The shadow observational results likely to be announced soon from EHT, and
can be used to predict the exact nature of astrophysical black holes, and in turn, they could
also be used to place constraints on modified theories of gravity.
Analyzing the propagation of light around a black hole is phenomenologically very impor-
tant to unveil the near horizon spacetime properties. Indeed, the strong gravitational field
around black hole compels photons to move in unstable circular orbits and it is found that
these unstable orbits have a very important influence on quasinormal modes [3–5], gravita-
tional lensing [6] and black hole shadow. A black hole due to its defining property at the
event horizon along with surrounded photon region is expected to cast a dark region over
an observer bright sky, which is known as the shadow. Synge [7] and Luminet initiated the
study of black hole shadow by investigating the shadow cast by a Schwarzschild black hole,
and thereafter Bardeen [8] studied the shadow of Kerr black holes. In particular, over a
past decade a flurry of activities in the analytical investigation, observational studies and
numerical simulation of shadows have been reported [9].
Though the no-hair theorem encapsulates that the Kerr black hole is the unique stationary
vacuum solution of Einstein field equations, still the exact nature of astrophysical black
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holes have not been confirmed [10, 11], and they are likely to deviate from Kerr black holes
[12, 13]. The Bardeen [8] idea was utilized in several studies of black hole shadows, e.g.,
Kerr-Newman black hole [14, 15], Chern-Simons modified gravity black hole [16], Kaluza-
Klein rotating dilaton black hole [17], Kerr-Taub-NUT black hole [18], rotating braneworld
black hole [19, 20], regular black holes [21–23], and black hole in higher dimensions [24–27].
The black hole shadow in asymptotically de-Sitter spacetime also has been analyzed [19, 28–
30].
Developing some methodological ways to estimate the parameters of the astrophysical black
hole is one of the major challenges in astronomy. The observations commonly used for the
estimation of mass and size of a black hole are mostly based on the motion of nearby stars on
Keplerian orbits around them and spectroscopy of the radiation emitted from the surround-
ing matters [31–33]. The dynamical mass measurements from x-ray binaries only provide
lower limits of the black hole’s mass [34]. Unlike the mass, the effects of black hole’s spin
and any possible deviation from standard Kerr geometry is manifest at the small radius.
The two most commonly used model dependent techniques to estimate the spin are analysis
of Kα iron line [35] and continuum-fitting method [36]. Furthermore, it is found that the
non-Kerr black hole shadows strongly depend upon the deviation parameter apart from the
spin [37–39]. Thus, shadow observations of astrophysical black holes can be a potential tool
to probe their departure from exact Kerr nature, and in turn, to determine the black hole
parameters. The possibility of extracting some information about black holes from imag-
ing their shadows, increase the relevance of shadow study. Hioki and Maeda [40] discussed
numerical estimation of Kerr black hole spin and inclination angle from the shadow observ-
ables, which is extended to analytical estimation by Tsupko [41]. These observables namely,
shadow radius and distortion parameter, were extensively used in the characterization of
black holes shadows [15–27]. However, it is found that the distortion parameter is degener-
ate with respect to the spin and possible deviations from the Kerr solution; a method for
discriminating the Kerr black hole from other rotating black holes using the shadow analysis
[42]. Later, an analytic description of distortion parameters of shadow is discussed in the
coordinate-independent manner [43], and although our ability to distinguish BH spacetimes,
in various gravity, from shadow images is somewhat limited at the present time [44]. There-
fore, this is very legitimate to construct shadow observables which can uniquely characterize
it and to develop analytical or numerical methods to estimate the black hole parameters.
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In this paper, we discuss the shadow observables and their applicability in determining the
black hole parameters with emphasis on the characterization of various black hole shadows
of arbitrary shape and size, and the proposed observables do not presume any symmetries
in shadow. Indeed, these observables completely depend upon the geometry of shadow, and
for the characterization of its distortion, it is no longer required to compare them with refer-
ence circle. We examine several known black hole shadows and show that these observables
provide an accurate and robust method for black hole parameters estimations.
The paper is organized as follow. In Sec. II, we discuss the propagation of light in rotating
black hole spacetime. Further, in Sec.III, we present the shadow observables for its char-
acterization and examine them for some known black hole shadows in Sec. IV. In Sec. V,
we summarize our main results. We use geometrized units G = 1, c = 1, unless units are
specifically defined.
II. BLACK HOLE SHADOW
The metric of a general rotating, stationary and axially-symmetric black hole in the
Boyer-Lindquist coordinates reads [45]
ds2 = −
(
1− 2m(r)r
Σ
)
dt2 − 4am(r)r
Σ
sin2 θdt dφ+
Σ
∆
dr2 + Σdθ2
+
[
r2 + a2 +
2m(r)ra2
Σ
sin2 θ
]
sin2 θdφ2, (1)
where
Σ = r2 + a2 cos2 θ; ∆ = r2 + a2 − 2m(r)r. (2)
Here, m(r) is the mass function such that limr→∞m(r) = M , and a is the spin parameter
defined as a = J/M , with J and M are, respectively, the angular momentum and ADM mass
of rotating black hole. Obviously (1) is Kerr and Kerr-Newman spacetime, respectively, for
m(r) = M and m(r) = M − Q2/2r. To study the complete geodesics motion in spacetime
(1), we adopted the Carter’s prescription of the separability of the Hamilton-Jacobi equation
[46], with Jacobean action S = S(τ, xµ) and a metric tensor gαβ, is given by
∂S
∂τ
= −1
2
gαβ
∂S
∂xα
∂S
∂xβ
, (3)
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where τ is the affine parameter. A test particle (of rest mass m0) moving in such spacetime
exhibits two conserved quantities energy E and angular momentum L, respectively, associ-
ated with Killing vectors ∂t and ∂φ. Further, the four-velocity norm is also conserved, and
we write the Jacobi action in the separable form [47]
S =
1
2
m0
2τ − Et+ Lφ+ Sr(r) + Sθ(θ), (4)
where mass m0 = 0 for photons, E = −pt and L = pφ with pα = dS/dxα. Sr(r) and Sθ(θ)
are respectively functions of r and θ. The existence of spacetime symmetries in terms of
conserved quantities allows the geodesics equations to be simplified in terms of first-order
differential form. Accordingly, with the choice of action in Eq. (4) and for a general rotating
metric (1), we obtain the complete set of equations of motion [47]
Σ
dt
dτ
=
r2 + a2
r2 − 2m(r)r + a2
(E(r2 + a2)− aL)− a(aE sin2 θ − L) , (5)
Σ
dr
dτ
= ±
√
R(r) , (6)
Σ
dθ
dτ
= ±
√
Θ(θ) , (7)
Σ
dφ
dτ
=
a
r2 − 2m(r)r + a2
(E(r2 + a2)− aL)− (aE − L
sin2 θ
)
, (8)
the expressions for R(r) and Θ(θ) in Eq. (6) and (7) have the form
R(r) = ((r2 + a2)E − aL)2 − (r2 − 2m(r)r + a2)(K + (aE − L)2), (9)
Θ(θ) = K −
( L2
sin2 θ
− a2E2
)
cos2 θ. (10)
The new conserved quantity Q associated with the hidden symmetry of conformal Killing
tensor is related to the Carter integral of motion K through Q = K + (aE − L)2 [46]. We
can minimize the number of parameters by defining two dimensionless impact parameters η
and ξ, as
ξ = L/E , η = K/E2. (11)
They remain constant along geodesic. Due to spacetime symmetries, geodesics along t and
φ do not reveals non-trivial feature of orbits, therefore we will be mainly concerned for Eqs.
(6) and (7). One can rewrite Eq. (7) in term of µ as
Σ
∫
dµ√
Θµ
=
∫
dτ ; Θµ = η − (ξ2 + η − a2)µ2 − a2µ4, (12)
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where µ = cos θ and obviously η ≥ 0 is must for possible θ motion i.e., Θµ ≥ 0 (cf. Fig.
1). In the Schwarzschild black hole, due to the Spherical symmetry all null geodesic orbits
are planner i.e., orbits with θ˙ = 0. However, in the Kerr black hole, the frame dragging
may lead to non-planer orbits as well. Indeed, planer (or circular) orbits in Kerr black hole
are possible only in the equatorial plane (θ = pi/2) that leads vanishing Carter constant
(K = 0). Furthermore, generic bound orbits at a plane other than θ = pi/2 are non-planer
(θ˙ 6= 0) and cross the equatorial plane while oscillating symmetrically about it. These orbits
are identified by K > 0 (or η > 0) and commonly known as spherical orbits. Therefore,
the θ−motion freeze only for photons in the equatorial plane. Equation (12) reveals that
latitude of orbits depends upon the angular momentum of photons, i.e., smaller the angular
momentum of photons larger the latitude of orbits. The spherical orbits can have maximum
latitude θmax = cos
−1(µmax) for photons having non-zero angular momentum, with µmax
correspond to the solution of Θµ(µ) = 0. Only photon with zero angular momentum (ξ = 0)
can reach the polar plane of black hole (θ = 0, µ = 1) and cover the entire span of θ
coordinate.
The radial motion of photons in Eq. (6) can be rewritten in terms of η and ξ as
R(r) = 1E2
[(
(r2 + a2)− aξ)2 − (r2 − 2m(r)r + a2) ((a− ξ)2 + η)] . (13)
Depending upon the values of impact parameters η and ξ, photon’s orbits can be classified in
three categories namely scattering, unstable spherical orbits, and plunging orbits. Indeed,
the unstable orbits separate the plunging and scattering orbits. The unstable spherical
photon orbit of constant radius (rp) can be easily found by demanding the local maximum
of effective potential, i.e.,
R|(r=rp) =
∂R
∂r
∣∣∣∣
(r=rp)
= 0; (14)
with
∂2R
∂r2
∣∣∣∣
(r=rp)
≤ 0.
Solving Eq. (14) yield the critical locus (ηc, ξc) associated with the unstable orbits.
These orbits are unstable in any radial perturbation and forcing photons to either fall into
the black hole or scatter to the spatial infinity. A photon’s unstable orbit around non-
rotating black holes is at a fixed radius (rp = 3M for Schwarzschild black hole) and lies
on a spherical photon sphere, such that, if a photon radially crosses the photon sphere
6
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FIG. 1: (Left panel) Schematic of a photon region around black hole. (Right panel) Variation
of Θµ with µ for η = 1 and ξ = 1.2. Horizontal dashed lines corresponds to the maximum and
minimum values of Θµ.
boundary will inexorably fall into the event horizon forming the dark region. In the rotating
black hole, photons moving on circular unstable orbits can co-rotate with the black hole or
counter-rotate. The solutions of η = 0 for r can be identified as the radii of co-rotating and
counter-rotating circular orbits, r−p and r
+
p , respectively, which are explicit functions of black
hole parameters and indeed play crucial role in determining the shadow edges. They lie in
the range M ≤ r−p ≤ 3M and 3M ≤ r+p ≤ 4M for the Kerr black hole, and r−p ≤ r+p due to
the Lens-Thirring effect. Further spherical photon orbits (orbits at θ 6= pi/2), are no longer
affix to a fixed plane rather lies on a three-dimensional surface and have radii in the interval
[r−p , r
+
p ], i.e., for η > 0 orbit’s radius lies in the range r
−
p < rp < r
+
p . The rotating black holes
generically have two distinct photon regions viz. inside Cauchy horizon (r−) and outside the
event horizon (r+). However, for a black hole shadow we will be only focusing on the later,
i.e., for rp > r+ [28]. The critical impact parameter ξ is a monotonically decreasing function
of rp with ξ(r
−
p ) > 0 and ξ(r
+
p ) < 0, such that at rp = r
0
p (r
−
p < r
0
p < r
+
p ) ξ is vanishing.
Even though, for orbit at r0p the angular momentum of photons is zero, still they cross the
equatorial plane with non-zero azimuthal velocity φ˙ 6= 0. [47–49].
Shadow is an interesting manifestation of strong gravity features around a black hole and
determined by the unstable spherical photon orbits. A black hole in the luminous background
of stars or glowing accreting matter is believed to appears as a dark spot accounting for
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the photons which are unable to reach the observer, popularly known as black hole shadow.
Following the ray tracing method, we propagate light rays emanating from observer backward
in time and locate their origins. Accordingly, those photons which scattered to infinity after
passing to a minimum distance to the black hole are causing brightness on the observer sky.
On the other hand, photons which plunge directly into the black hole create a deficit of
photon and essentially form a dark region in observer sky. In the borderline case, photons
moving on unstable orbits form the edges of the shadow. A far distant observer perceive
shadow as a projection of locus of points ηc and ξc on celestial sphere to a two-dimensional
plane. Let us introduce the celestial coordinates [40].
α = lim
rs→∞
(
−r2s sin θO
dφ
dr
)
, β = lim
rs→∞
(
r2s
dθ
dr
)
. (15)
Here, we assume the observer is at large distance and θO is the inclination angle. Since, the
black hole spacetime is asymptotically flat, we can consider the static observer at arbitrary
large distance, this yield
α = − ξc
sin θO
, β = ±
√
ηc + a2 cos θ2O − ξ2 cot2 θO. (16)
For an observer at the equatorial plane θO = pi/2, this reads
α = −ξc, β = ±√ηc. (17)
The celestial coordinates of the black hole shadow edges takes the following form
β = ± r
3/2
p
[−r3p(1 +m′(rp)2) +m(rp)[4a2 + 6r2p − 9rpm(rp)]− 2rp[2a2 + r2p − 3rpm(rp)]m′(rp)]1/2
a[m(rp) + rp[−1 +m′(rp)]]
α = − [a
2 − 3r2p]m(rp) + rp[a2 + r2p][1 +m′(rp)]
a[m(rp) + rp[−1 +m′(rp)]] , (18)
whereas for m(r) = M , Eq. (18) yields
β = ±r
3/2
p (4a2M − rp(rp − 3M)2)1/2
a(rp −M) (19)
α =
r2p(rp − 3M) + a2(M + rp)
a(rp −M) , (20)
which corresponds for the Kerr black hole [40]. The contour of non-rotating black hole
shadow can be delineated by
α2 + β2 =
2r4p + [m(rp) + rpm
′(rp)][−6r2pm(rp) + 2r3pm′(rp)]
[m(rp) + rp[−1 +m′(rp)]]2 , (21)
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which infer that shadow is indeed a perfect circle, and further retain to α2 + β2 = 27M2
for the Schwarzschild black hole m(r) = M . Though the shape of shadow is determined by
the properties of null geodesics, it is neither the Euclidean image of its horizon nor of its
photon region, rather it is the gravitationally lensed image of photon region. For instance,
the horizon of Sgr A* with M ≈ 4.3 × 106M at a distance d ≈ 8.35 kpc span an angular
size of 20µas whereas its shadow has an angular size of ≈ 53µas.
III. CHARACTERIZATION OF THE SHADOW VIA NEW OBSERVABLES
The shape and size of the black hole shadow depends upon the black hole spacetime
parameters, the observer’s position and orientation. A non-rotating black hole cast a per-
fectly circular shadow, whereas, a general rotating black hole shadow silhouette appears as a
distorted circle. For a rotating black hole, an observer placed at a position other than in the
polar direction witness an off-center displacement in the shadow along the direction of black
hole rotation. Furthermore, for the sufficiently large value of spin parameter a distortion
appears on the shadow edge, which can be accounted for a reflection of the Lense-Thirring
effect. Hioki and Maeda [40] analyzed this distortion and size, respectively, by the two ob-
servables δs and Rs. The shadow is approximated with a circle passing through three points
located at the top, bottom and right edge of the shadow, such that Rs is the radius of this
circle and δs is the deviation of the left edge of shadow from circle boundary. It was found
that their applicability is limited to a specific class of shadows demanding some symmetries
in their shapes, and may not precisely work for black hole in some modified theories of
gravity [43], which leads to the introduction of new observables [39, 41–43, 50–53]. Here,
we would like to develop new observables for the characterization of the black hole shadow.
The new observables, unlike previous observables [40, 43] do not require to approximate the
apparent shape to a circle.
We assume a shadow which can have any arbitrary shape and size, to propose these observ-
ables, namely area (A) enclosed by a black hole shadow, circumference of shadow (C), and
oblateness (D) of the shadow. Obviously, a shadow silhouette can be taken as a parametric
curve between celestial coordinates as a function of rp for r
−
p ≤ rp ≤ r+p i.e., plot β(rp) vs
9
α(rp). We define A as
A = 2
∫
β(rp)dα(rp) = 2
∫ r+p
r−p
(
β(rp)
dα(rp)
drp
)
drp, (22)
and C as
C = 2
∫ √
(dβ(rp)
2 + dα(rp)
2) = 2
∫ r+p
r−p
√√√√((dβ(rp)
drp
)2
+
(
dα(rp)
drp
)2)
drp. (23)
The prefactor-2 is due to the black hole shadow symmetry along the α−axis. A and C have
units of [M ]2 and [M ], respectively. We can also characterize the shadow of rotating black
hole through its oblateness [41, 54, 55] by defining the dimensionless parameter D as the
ratio of horizontal and vertical diameters:
D =
αr − αl
βt − βb . (24)
The subscript r, l, t, and b respectively stand for right, left, top, and bottom of shadow
silhouette. For spherically symmetric black hole shadow D = 1, whilst for a Kerr shadow
√
3/2 ≤ D < 1 [41]. The oblateness parameter can be identified as the measure of distortion
in a shadow. Thus, the value of D 6= 1 means the shadow has distortion and hence cor-
responds to a rotating black hole. The definition of these observables requires neither any
non-trivial symmetry in shadow shape nor any primary curve to approximate the shadow.
Without a priory, this can be expected that an observer targeting the black hole shadow
through astronomical observations can measure the area, length of shadow boundary, and
also horizontal and vertical diameters. In what follows, we show that these observables
can be used to characterize the shadow and it is possible to evaluate the black hole pa-
rameters from these observables. Therefore, by comparing the observational data with the
theoretically developed shadow templates, it would be possible to determine the black hole
parameters.
The Sgr A* and M87 are presently the best studied known black hole candidates, re-
spectively, in the Milky Way and nearby elliptical galaxy. However, the exact nature of
these supermassive black holes is still elusive, albeit astronomical observations could place
constraint on their masses and distances from Earth as M = 4.3× 106M and d = 8.35 kpc
for Sgr A* [56–59], and M = 3.5 × 109M and d = 17.9 Mpc for M87 [60]. Presuming the
exact Kerr nature of these black holes, we determine the area spanned by their shadows,
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solid angle covered by them on the celestial sky and also their angular sizes. The Kerr black
hole shadow is oblate with
√
3/2 ≤ D < 1. Hence, the vertical (or major ϑM) and horizontal
(or minor ϑm) angular diameters are not same and can be defined as
ϑM =
βt − βb
d
, ϑm =
αr − αl
d
, (25)
and the solid angle Ω = A/d2. Clearly ϑM is not dependent on black hole spin.
a/M A (1020m2) C (1010m) D Ω (10−3µas2) ϑm (µas)
0.0 34.079 20.6942 1 2.1818 52.7344
0.10 34.06 20.6884 0.999443 2.18059 52.705
0.20 34.0025 20.671 0.997748 2.1769 52.6156
0.30 33.9046 20.6413 0.994847 2.17064 52.4626
0.40 33.7629 20.5984 0.990607 2.16157 52.239
0.50 33.572 20.5406 0.984808 2.14934 51.9332
0.60 33.3227 20.4655 0.977083 2.13338 51.5259
0.70 32.9998 20.3688 0.966783 2.11271 50.9827
0.80 32.5742 20.2427 0.952608 2.08546 50.2352
0.90 31.9754 20.0699 0.931145 2.04713 49.1033
0.998 30.7793 19.776 0.876375 1.97055 46.2151
TABLE I: Table representing the values of observables, solid angle and angular diameter with
varying spin parameter for Sgr A* black hole shadow.
Obviously, for a = 0, ϑM = ϑm = 52.7344µas for Sgr A* and ϑM = ϑm = 20.0224µas
for M87. The shadow observables and angular diameters of Sgr A* and M87 black hole
shadows are calculated for various values of spin parameter a (cf. Table I and Table II).
Nevertheless, the shadow observables for Schwarzschild black hole take the values A/M2 =
84.823, C/M = 32.6484, and D = 1, whereas for maximally rotating Kerr black hole
A/M2 = 76.6101, C/M = 31.1998, and D = 0.876375.
IV. APPLICATION TO BLACK HOLE SPACETIMES
Having introduced observables that will allow us to describe the black hole shadow and
to estimate the black hole parameters. We are ready to apply our observables. We examine
11
a/M A (1026m2) C (1013m) D Ω (10−4µas2) ϑm (µas)
0.0 22.678 16.8441 1 3.1453 20.0224
0.10 22.5654 16.8394 0.999443 3.14354 20.0113
0.20 22.5273 16.8252 0.997748 3.13823 19.9773
0.30 22.4625 16.801 0.994847 3.1292 19.9193
0.40 22.3686 16.7661 0.990607 3.11613 19.8344
0.50 22.2421 16.7191 0.984808 3.0985 19.7182
0.60 22.077 16.658 0.977083 3.0755 19.5636
0.70 21.863 16.5792 0.966783 3.04569 19.3574
0.80 21.5811 16.4766 0.952608 3.00641 19.0735
0.90 21.1843 16.3359 0.931145 2.95115 18.6438
0.998 20.3919 16.0967 0.876375 2.84076 17.5472
TABLE II: Table representing the values of observables, solid angle and angular diameter with
varying spin parameter for M87 black hole shadow.
several rotating black holes such as Kerr-Newman, Bardeen and non-singular black hole. We
will begin with the well known Kerr-Newman black hole to move over to rotating Bardeen
black hole and rotating non-singular black hole. For the purpose, we assume that the
observer is in the equatorial plane, i.e., the inclination angle θO = pi/2. One can use either
the observables A or C and D to precisely estimate the black hole parameters. For the sake
of brevity, we shall use A and D for estimation of black hole parameters, although we shall
calculate all these observables A, C, and D.
A. Kerr-Newman black hole
One can analyze null geodesics to shadow of a Kerr-Newman black hole [14, 15]. Here, we
further analyze shadow for estimation of black hole parameters using the observables defined
in section III. We start with Kerr-Newman black hole as it encompasses Kerr, Reissner-
Nordstrom, and Schwarzschild black hole as special cases. In the case of the Kerr-Newman
black hole, the mass function m(r) reads as
m(r) = M − Q
2
2r
. (26)
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FIG. 2: The allowed parametric space of a and Q for the existence of Kerr-Newman black hole.
The solid line corresponds for the extremal black hole with degenerate horizons and demarcate the
black hole case with no-black hole.
In Fig. 2, we have shown the allowed range of parameters a and Q for the existence
of black hole horizon. The Kerr-Newman black hole shadows are distorted from a perfect
circle and possess a dent on the left side of shadow [14, 15]. Indeed, this distortion is a
manifestation of black hole spin and is related to the differences in the effective potential
for co-rotating and counter-rotating photons [61]. It is found that this distortion reduces
as the observer moves from the equatorial plane to the axis of black hole symmetry, and
eventually disappear completely for θO = 0 [15]. The effect of charge on shadow is discussed
in [15]. It is straightforward to calculate the celestial coordinate α and β using the m(r) in
Eq. (18). However, for these α and β the observables A, C, and D can not be obtained in
exact analytic form, though we have calculated them approximately in the Appendix.
In Fig. 3 observables A, C, and D are plotted with varying Q for several values of a.
Interestingly, observables A and C decrease very rapidly with increasing charge Q and one
can conclude that the size of shadow decrease with increase in the electric charge, which is
consistent with the earlier results [15]. On the otherhand, D decrease with increasing Q
suggesting that shadow of Kerr-Newman black hole gets more distorted as we increase the
charge. Shadow observables for Kerr-Newman black hole are numerically compared with
those for Kerr black hole in Fig. 4, and it infers that observables for Kerr-Newman black
hole are smaller than those for Kerr black hole for fixed values of a.
The apparent shape and size of the Kerr-Newman black hole shadow depend on the a and
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FIG. 3: Plot showing the Kerr-Newman black hole shadow observables A, C and D behaviour
with varying electric charge parameter Q, (Solid black curve) for a/M = 0, (solid green curve) for
a/M = 0.3, (dashed blue curve) for a/M = 0.5 and (dotted red curve) for a/M = 0.8.
Q [14, 15]. Next, we see the possibility of an estimation of a and Q for Kerr-Newman
black hole, expecting that mass M can be fixed through other astrophysical observations,
by using two observables A and D. We plot the contour map of the observables A and
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FIG. 4: Plot showing the Kerr-Newman black hole shadow observables A, C and D behaviour
with varying spin parameter a, (Solid black curve) for Kerr black hole Q/M = 0.0, (dashed blue
curve) for Q/M = 0.4, (dotted dashed magenta curve) for Q/M = 0.6 and (dotted red curve) for
Q/M = 0.8.
D in the (a,Q) plane (cf. Fig. 5). Each point of contour plot in Fig. 5 have coordinates
(a,Q), which can be described as a unique intersection of line of constant A and D. Hence,
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FIG. 5: Contour plots of the observables A and D in the plane (a,Q) for Kerr-Newman black hole.
Each curve is labeled with the corresponding values of A and D. (Solid red curve) corresponds to
the area curve, and (dashed blue curve) for oblateness parameter.
from Fig. 5, it is clear that intersection points give an exact estimation of parameters a
and Q when one knows the values of A and D for a given black hole. In table III, we
have presented the estimated values of a and Q for given shadow observables A and D for
Kerr-Newman black hole.
1. Kerr black hole
When the electric charge is switched off (Q = 0), the Kerr-Newman spacetime becomes
Kerr with m(r) = M . Using (A1), for Q = 0, we plot the observables A, C, and D in Fig. 4
for varying spin parameters a (0 ≤ a ≤ 1). The observables A, C and D for the Kerr black
hole decline with increasing rotation parameter. The decline is sharp after say a ≈ 0.7, and
then the black hole shadow gets more distorted for rapidly rotating black hole, as shown in
earlier studies as well [8].
The Kerr black holes have only two parameters associated with them, namely mass M
16
Shadow Observables Black Hole Parameters
A/M2 D a/M Q/M
81.0 0.999196 0.112 0.361795
80.0 0.969221 0.65 0.28965
76.6861 0.909798 0.93 0.245
76.2343 0.873357 0.994 0.1
75.0 0.99142 0.320 0.558795
69.6852 0.908062 0.80 0.56
62.0 0.941201 0.5461 0.7901
56.2065 0.983013 0.25 0.92
TABLE III: Estimated values of parameters a and Q for Kerr-Newman spacetime for known ob-
servables A and D.
and spin a, however, presuming the knowledge of mass through the stellar motion around the
black hole, leads to the ambiguity only in the spin. For Kerr black hole, spin parameter can
be uniquely determined by knowing either of the shadow observable A,C, and D (cf. Fig. 5).
B. Rotating Bardeen black hole
The first regular or nonsingular black hole was proposed by Bardeen [62], with hori-
zons and no curvature singularity− a modification of Reissner-Nordstrom black hole. The
Bardeen black hole is exact solution of Einstein field equations coupled with non-linear elec-
trodynamics. The rotating Bardeen black hole [63] belongs to prototype non-Kerr family
with mass as function m(r) given by
m(r) = M
(
r2
r2 + g2
)3/2
. (27)
The additional parameters g is due to the magnetic monopole charge [64], the Kerr black
hole can be recovered in the absence of non-linear electrodynamics (g = 0). For the existence
of a black hole the allowed values of a and g are constrained and shown in Fig. 6, extremal
values of parameters correspond to those lying on the boundary line. The shadow of rotating
Bardeen black hole gets more distorted and size decreases due to magnetic charge g [22].
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FIG. 6: Plot showing the allowed parametric space of a and g for the existence of rotating Bardeen
black hole. The solid line corresponds for the extremal black hole with degenrate horizons.
The observables A, C and D for the rotating black holes are depicted, respectively, in
Fig. 7 and Fig. 8 for various values of a and g. Within the allowed parameter space, it
has similar behavior as Kerr and Kerr-Newman. The observables decrease comparatively
faster with increasing g for near extremal value of g. Further the observables of rotating
Bardeen black hole are smaller when compared with the Kerr black hole for a given a,
i.e., A(g 6= 0) < A(g = 0) and D(g 6= 0) < D(g = 0) (cf. Fig. 8). An interesting
comparison of Bardeen with Kerr black hole shadow shows that for some values of parameters
Bardeen black hole (M = 1, a/M = 0.5286, g/M = 0.6) cast a similar shadow to that
of Kerr black hole (M = 0.9311, a/M = 0.9189) [42]. In this case, the observables for
Bardeen black hole are A = 69.1445, C = 29.5269, D = 0.925402, whereas for Kerr black
hole A = 68.68015, C = 29.4213, D = 0.925402. Thus, the A and C for the two black holes
differ, respectively by 0.671% and 0.357%. Figure 9 shows the contour map of observables
A and D for the rotating Bardeen black hole as a function of (a, g). In Table IV, we have
shown the estimated values of a and g for given shadow observables A and D. Thus, from
Fig. 9 and Table IV it is clear that if A and D are obtained from the observations, this
uniquely determine the a and g.
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FIG. 7: Bardeen black hole shadow observables A, C and D behaviour with varying magnetic
charge parameter g. (Solid black curve) correspond for non-rotating Bardeen black hole a/M = 0.0,
(solid green curve) for rotating Bardeen black hole with a/M = 0.3, (dashed blue curve) for
a/M = 0.5, (dotted red curve) for a/M = 0.8.
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FIG. 8: Bardeen black hole shadow observables A, C and D behaviour with varying spin parameter
a/M . (Solid black curve) for g/M = 0.0, (dashed blue curve) for g/M = 0.4, ( dotted dashed
magenta curve) for g/M = 0.6, (dotted red curve) for g/M = 0.7.
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FIG. 9: Contour plots of the observables A and D in the plane (a, g) for Bardeen black hole. Each
curve is labeled with the corresponding values of A (Solid red curve) and D (dashed blue curve).
Shadow Observables Black Hole Parameters
A/M2 D a/M g/M
84.435 0.999177 0.12 0.106
82.2271 0.991 0.365 0.2545
80.9901 0.983541 0.470 0.295
79.1411 0.9345 0.86 0.15989
77.6179 0.920 0.878 0.22133
75.5513 0.933201 0.731 0.39304
70.4377 0.988 0.25 0.65116
66.5569 0.988 0.20 0.72375
TABLE IV: Table summarizing the estimated values of rotating Bardeen black hole parameters
from known observables A and D.
C. Rotating non-singular black hole
The rotating non-singular or regular black hole, motivated by quantum arguments, has an
additional parameter k = q2/2M due to non-linear electrodynamics that becomes deviated
21
from Kerr and asymptotically (r >> k) goes over to Kerr-Newman black hole [65]. It also
belongs to non-Kerr family with mass function
m(r) = Me−k/r. (28)
No Black Hole
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FIG. 10: The allowed parametric space of a and k for the existence of rotating non-singular black
hole. The solid line corresponds for the extremal black hole with degenerate horizons.
Figure 10 shows the allowed values of parameter a and k for the black hole existence.
Observables A, C and D are depicted in Figs. 11 and 12 for different values of involved
parameters in rotating non-singular black hole. The characteristic behavior is again similar
to the Kerr-Newman but the effect of k is clearly visible for both non-rotating and rotating
non-singular black hole (cf. Fig. 11 and Fig. 12). Whereas A and C as expected have similar
sharp decreasing behavior due to the parameter k, D has a steady decrease. The observables
for rotating non-singular black hole are examine in contrast with those for Kerr black hole in
Fig. 12, and for a fixed value of a they turn out to be smaller. This ascertain that shadows
of rotating non-singular black hole are smaller and more distorted than those for Kerr black
hole [23]. Contour map of A and D as a function of (a, k) is shown in Fig. 13. We can
singled-out the specific point where curves of constant A and D intersect each other in the
black hole parameter space. For known values of A and D the black hole parameters a and
k are obtained and summarize in Table V.
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FIG. 11: Plot showing the variation of A, C and D for non-singular black hole with varying
k. (Solid black curve) for a/M = 0.0, (solid green curve) for a/M = 0.2, (dashed blue curve) for
a/M = 0.5 and (dotted red curve) for a/M = 0.8.
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FIG. 12: Plot showing the variation of A, C and D for non-singular black hole with varying spin
parameter. (Solid black curve) for k/M = 0.0, (dashed blue curve) for k/M = 0.2, (dotted dashed
magenta curve) for k/M = 0.4, and (dotted red curve) for k/M = 0.6.
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FIG. 13: Contours of constant A and D as a function of (a, k) for rotating non-singular black
hole. Each curve is labeled with the corresponding value of A (solid red curve) and D (dashed blue
curve).
Shadow Observables Black Hole Parameters
A/M2 D a/M k/M
82.5003 0.999395 0.10 0.0401
75.18 0.97037 0.5815 0.130587
70.2515 0.886206 0.862 0.1310
69.445 0.99851 0.12 0.265
64.5008 0.952667 0.56 0.30
54.93 0.916064 0.525024 0.4361
52.5859 0.9890 0.20 0.5305
37.917 0.985001 0.1045 0.9850
TABLE V: Table summarizing the known observables and extracted values of rotating non-singular
black hole parameters.
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V. CONCLUSION
The Kerr black hole, an exact solution of general relativity, is useful to investigate the
astrophysical black holes like Sgr A* and M87. The actual nature of these objects has
not yet verified, and deviation from Kerr black hole is not ruled out [11, 12]. However, in
general, testing Kerr-nature of the astrophysical black hole is a daunting task as it may not
be possible to estimate spin parameter a, and deviation from Kerr solution. Non-Kerr black
holes mathematically exactly look like Kerr with mass as a function m(r), and characterize
by a deviation parameter.
In this paper, we have determined observables characterizing the shadow of arbitrary shape
and size. These observables are shadow area (A), its circumference (C) and oblateness
(D). The observables A and C determines the size of shadow, and D defined its shape
asymmetry. These observables are calculated for the two supermassive black holes Sgr A*
and M87, assuming their Kerr nature. We find that angular diameters are, respectively,
approx 52µas and 20µas, and decrease for rapidly rotating black hole. This is consistent
with other predicted results [56, 66, 67].
We highlight several other results that are obtained by our analysis
1. The method can estimate max two parameters by using any of these two observables
A or C and D, eg., the Kerr black hole parameters a and θO can be estimated. In
order to estimate a single parameter, we require any one of these observables.
2. We have estimated parameters associated with Kerr-Newman (a,Q), rotating Bardeen
(a, g), and rotating non-singular (a, k) black holes. Here, our analysis assumes that
the observer is in the equatorial plane, i.e., a fixed inclination angle θO = pi/2.
3. Our results for considered black holes are consistent with existing results [40, 42].
4. We have interpolated the numerical values of observables from integrals Eqs. (22),
(23), and using Eq. (24) to approximate these observables by polynomials in terms of
black hole parameters.
Thus, by comparing the theoretical values of these observables with those obtained from
the astrophysical observations, it is expected that one can determine the complete black
hole information. Our analysis is clearly different from the available approaches, but leads
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to the correct estimation of black hole parameters. Our framework can be extended to
other class of black holes.
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Appendix A: Analytic form of observables
The celestial coordinates α and β can be calculated via Eq. (18) for a given mass function,
and in turn it help us to calculate observables A, C and D numerically. Here, we present
approximate and analytic form of A, C and D obtained from the best fit of numerical data
for the three discussed rotating black holes. For Kerr-Newman black hole it yields
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A(a,Q)
M2
= 84.823 + 0.031306
a
M
− 5.49246 a
2
M2
+ 3.26161
a3
M3
− 4.83432 a
4
M4
+ 0.133486
Q
M
+ 0.299402
aQ
M2
+ 1.29243
a2Q
M3
− 5.18516a
3Q
M4
+ 5.65518
a4Q
M5
− 30.3452 Q
2
M2
− 1.22318aQ
2
M3
− 20.1108a
2Q2
M4
+ 49.1647
a3Q2
M5
− 51.2381a
4Q2
M6
+ 11.6853
Q3
M3
+ 1.9579
aQ3
M4
+ 24.2367
a2Q3
M5
− 9.3467a
3Q3
M6
− 33.9453 Q
4
M4
− 0.31116aQ
4
M5
− 26.2167a
2Q4
M6
+ 38.828
Q5
M5
− 20.5657 Q
6
M6
,
C(a,Q)
M
= 32.6484 + 0.004875
a
M
− 1.03103 a
2
M2
+ 0.522372
a3
M3
− 0.810795 a
4
M4
+ 0.042287
Q
M
+ 0.08354
aQ
M2
+ 0.486428
a2Q
M3
− 0.404224a
3Q
M4
+ 0.646608
a4Q
M5
− 6.0976 Q
2
M2
− 0.273375aQ
2
M3
− 7.3062a
2Q2
M4
+ 6.1851
a3Q2
M5
− 7.28205a
4Q2
M6
+ 3.70431
Q3
M3
+ 0.084485
aQ3
M4
+ 16.7302
a2Q3
M5
− 1.10388a
3Q3
M6
− 10.8289 Q
4
M4
+ 0.360555
aQ4
M5
− 16.0676a
2Q4
M6
+ 12.3277
Q5
M5
− 6.55548 Q
6
M6
,
D(a,Q) = 1.+ 0.00112343
a
M
− 0.0831365 a
2
M2
+ 0.107755
a3
M3
− 0.128197 a
4
M4
+ 0.00128045
aQ
M2
− 0.0181476a
2Q
M3
+ 0.175287
a3Q
M4
− 0.195412a
4Q
M5
+ 0.00724474
aQ2
M3
− 0.358117a
2Q2
M4
+ 0.174114
a3Q2
M5
− 0.0193668aQ
3
M4
+ 0.841597
a2Q3
M5
− 0.473671a
3Q3
M6
+ 0.0102867
aQ4
M5
− 0.656035a
2Q4
M6
. (A1)
Clearly A, C and D are functions of spin a and charge Q, Whereas for the Bardeen black
hole, they depends upon the magnetic charge g apart from a, and are given by
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A(a, g)
M2
= 84.823− 0.024064 a
M
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2
M2
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3
M3
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a4
M4
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5
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For the rotating non-singular black hole they are function of a and k, and read as
A(a, k)
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(A3)
The non-rotating black hole (a = 0) cast a perfect circular shadow [7, 47], which is also fully
consistent from Eqs. (A1)-(A3), i.e., D(0, Q) = D(0, g) = D(0, k) = 1.
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